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The free boundary SABR: natural
extension to negative rates

In the current low interest rate environment, extending option models to negative rates has become an important issue. Here,
Alexandre Antonov, Michael Konikov and Michael Spector extend the widely used SABR model to the free boundary SABR
model that can handle negative rates. They derive an exact option pricing formula for the zero correlation case, and a suitable
approximation for the general case. The analytical results are successfully compared with the Monte Carlo simulations

etal 2002) for arate, Iy, and its volatility, v, has the stochastic

he SABR process with parameters (Fo, vo, B, p.y)' (Hagan
T differential equation (SDE):

dF; = FPv, dwy,
dU[ = YVt dWZl
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with correlation E[dW>; dW;;] = pdt and power 0 < 8 < 1. The
solution is not uniquely defined by the SDE; we also need to impose
a boundary condition. The standard choice is to assume the absorbing
boundary at zero, which enforces positivity and martingality of the
rate. See Andreasen & Huge (2013), Antonov, Konikov & Spector
(2013), Balland & Tran (2013), Hagan et al (2014), Henry-Labordere
(2008), Islah (2009) and Paulot (2009) for further references.

The SABR model is primarily used for volatility cube interpola-
tion and for pricing constant maturity swaps products by replication
with vanilla options. It is also used in term structure models (see, for
example, Mercurio & Morini 2009; Rebonato, McKay & White 2009).

When the SABR model was introduced, positivity of the rates
seemed a reasonable and attractive property. In the current market con-
ditions, when rates are extremely low and even negative, it is impor-
tant to extend the SABR model to negative rates. For example, fig-
ure 1 shows a historical evolution of Swiss franc (Sfr) interest rates
(overnight (O/N) and Libors of tenors 1M, 3M and 6M). We can see
that rates reach —2% in some cases. Another important observation is
that the rates ‘stick’ to the zero level for certain periods of time, sug-
gesting their probability density functions have a singularity at zero.

The simplest way to take into account negative rates is to shift the
SABR process:

dF; = (F; + s)Pv, dwy,

where s is a deterministic positive shift. This moves the lower bound
on F; from 0 to —s.

Unfortunately, this model has some important drawbacks. In gen-
eral, people fix the shift prior to calibration,? for example, to 2% in
case of Sfr short rates. Selecting the shift value manually and calibrat-
ing only the standard parameters, (vo, B, p, y) might require readjust-
ment of the shift parameter if rates went lower than anticipated. This
can result in a jump in the other SABR parameters as the calibration
response to such a readjustment. As a consequence, we can get jumps
in the values/Greeks of the trades dependent on the swaption or cap

' Sometimes « is used instead of vg.

2 Note that calibrating the shift does not add a new degree of freedom
(its influence on the skew is very similar to that of the power ) and still
requires fixing the upper shift bound for a numerical solver.
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volatilities. To cover for potential losses in such situations, traders are
likely to be asked to reserve part of their profit and loss. Also, having
the swaption prices being bounded from above (due to the rate being
bounded from below) can lead to situations when the shifted SABR
cannot attain market prices. Moreover, the shifted SABR distribution
has a delta mass at —s (by its construction from the absorbing SABR).
Such strong singularity means that upon reaching value of —s the rate
should stay there forever which definitely does not make any financial
sense. In summary, we need a more natural and elegant solution that
permits negative rates.

For f = 0, the normal SABR model, dF; = v; dWj;, allows the
rates to become negative when a free boundary condition is enforced.
Below, we come up with a generalisation of this model:

dF; = |F;|Bv; dWy;

with0 < 8 < % and a free boundary. As we will see, such a model
allows for negative rates and contains a certain ‘stickiness’ at zero.
Moreover, the process F; is conserving and a (global) martingale.

In what follows, we consider only the Fp > 0 case (unless explicitly
stated otherwise). When Fy < 0, we note that F; = —F; satisfies the
SABR SDE with parameters (—Fp, vo, 8, —p, ¥), and the time value
of a European option (call or put) on F; struck at K equals that of an
option on F; struck at —K. We do not distinguish between call and
put time values because for norm-conserving and martingale processes
they coincide:

E[(Fr — K)*]— (Fo— K)* = E[(K — Fr)T] - (K — Fo)"
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To gain intuition about the free boundary, we start with the constant
elasticity of variance example, dF; = |F,|? dW;, and study the prob-
ability density function (PDF) and option prices. Then we switch to the
SABR model with the free boundary condition and present an exact
solution for the zero-correlation case. For the general case, we show an
accurate approximation for European options prices. We demonstrate
that the exact formula, as well as its approximation, can be presented in
terms of a one-dimensional integral of elementary functions, making
it attractive for a fast calibration.> We finish with simulation schemes
and numerical results.

The CEV process
To aid intuition, we consider the CEV model dF; = F,B dW; with
0 < B < 1. The forward Kolmogorov (FK) equation on the density

p(t, f):
pr—2(f*p)yr=0

has two types of solution, depending on the boundary conditions; fix-
ing the PDE (or SDE) is not on its own sufficient to uniquely define
the solution. Here, (-) s s is the second derivative with respect to f.
One can show (see, for example, Antonov, Konikov & Spector 2015)
there are two distinct solutions with asymptotics ps ~ f 1-28 and
PR ~ f —2B We call the first solution ‘absorbing’ and the second
one ‘reflecting’. The latter exists only for 8 < %; otherwise, the norm
around zero diverges.

The asymptotics are closely related to conservation laws, which can
be obtained by integrating the FK equation by parts with some payoffs
h(f). First consider the norm case of (/) = 1. It is easy to see that
the asymptotics of the absorbing solution lead to non-conservation of
the norm, while the reflecting solution conserves the norm. For the
first moment conservation, we take 4(f) = f and deduce that the
asymptotics of the reflecting solution lead to non-conservation of the
first moment (ie, non-martingality), while the absorbing solution is a
martingale.

The PDF of the CEV process is known explicitly (see Antonov,
Konikov & Spector 2015; Jeanblanc, Yor & Chesney 2009) in terms
of the modified Bessel functions, which permits calculation of a call
option time value via the time integral without the boundary term:

T
O(T,K) =E[(Fr — K)T] = (Fo - K)* = %KZB/ dr p(t. K)
’ 3)
As explained in Antonov, Konikov & Spector (2015), this is not the
case for put options, where a boundary term is present.
Below, we will need option prices for absorbing/reflecting solutions
via a one-dimensional integral (see Antonov, Konikov & Spector 2015;

3 Note that the SABR approximation (Hagan et al 2002) based on the heat
kernel expansion cannot be applied to the free SABR because it does not
take into account the boundary conditions.
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2 The blue solid line represents the free PDF, the red dotted line
depicts the absorbing density expression sign( ) pa (.| f|), while
the green dashed line gives the symmetrised reflecting solution
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Antonov et al 2014):
Oa/r(T, K)
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T
for index v = —1/(2(1 — B)) and parameters:
2 2 1-8 1-8
_ q5 T 9k Fy K
=dqoqx. b=-——"—, = and ¢gg =
1= o 2q0qk 1-B 1 1-p

Now consider an extension of the CEV model to the entire real line
by modifying the SDE as follows:

dF; = |F(|” aw, ®)
for0 < B < % The corresponding FK equation is:
dpt. )= 5UfPPp. Nrr (©)

A norm-conserving and martingale solution that satisfies the FK
equation with the initial condition p(0, /) = §( f — Fp) can be con-
structed from the reflecting and absorbing solutions as:

p(t, f) = 5(pr(t, | /1) + sign(f) pa(t, ] /1)) )

We can get the same expression for density with a purely proba-
bilistic argument (see Antonov, Konikov & Spector 2015).

The solutions for typical parameters are shown in figure 2.

Taking a limit of f - fo — 0 in the Bessel functions underlying
the absorbing and reflecting densities (Antonov, Konikov & Spector
2015), we obtain the leading behaviour of the free CEV density:

|F1722(C1 + Cal 1P 7))

+ Cysign(ffo)l fol /21 £ 728

p(. /. fo)

Ffo—0
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We observe that for small fo the density becomes symmetric as a
function of f (the anti-symmetric absorbing part is attenuated due to
small fp), which leads to zero skew of the normal implied volatility.

Note also that at zero the PDF diverges as p(t, f) ~ | f|72# (the
asymptotics are inherited from the reflecting solution). The observed
singularity is quite natural; one can observe ‘sticky’ behaviour of the
rates near zero (see figure 1 for the Swiss franc rate).

A call option payoff A(f) = (f — K)T leads to an option time
value of:

T
OV (T.K) = 4IKP? [ at pie.K)
0

T
= 4IKP? [ dr S, KD + sien(K) pa(t 1K)
= L(OR(T.|K]) + sign(K)OA(T. |K])) @®)
Finally, we present the free CEV option integral. Its time value can
be easily derived from the absorbing-reflecting solutions (4) and (8),
yielding:
07V (. K)

_ VIKFo| (leo/On do sin(|v[¢) Sin¢exp (_(i(b—005¢))

bis b —cos¢ T
(1g =0 cosh(|v|¥)+1g <o sinh(Jv|y¥)) sinh ¢

3 The SABR model PDF for T = 3Y, g = 0.25
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where v = —1/(2(1 — B)) and:

_ |FoK]| 1-8
9= —"""m3
(1-p)?
with:
|F0|2(1—B) + |K|2(1—B)

- 2|FoK|'=#
We will use this formula to derive analytics for the SABR model in the
section below. Note that we put the absolute value for Fy for symmetry

b

with respect to the strike: Fp is considered to be positive, according
to the remark in the introduction.

Regarding a sensitive region of small strikes and/or small rates, we
notice the call option price (the full one, including the intrinsic value) is
a smooth function of K and Fg at zero. The thorough analysis reveals
the main terms of expansion near zero are linear ones, followed by
terms of the order of |K|21=# for small strikes and of | Fo|?{1—#
for small spots.

SABR

Now, let us come back to the SABR process (1)—(2). The standard
choice of the absorbing boundary will be generalised to the free bound-
ary. Namely, we will consider the SDE:

dFt = |Ft|ﬁl)[ dWlt

for0< B < % (with the same process (2) for the stochastic volatility
v¢). Such a construction permits negative rates and ‘stickiness’ at zero.

Looking forward, we plot the SABR density function, which is
shown in figure 3 for the Input I parameters from table D. We also
observe the singularity, which reflects ‘sticky’ behaviour of the rates
at zero (see figure 1).

B Zero-correlation case. The zero-correlation free SABR model
can be solved exactly. Indeed, the option price can be computed as:

OPP(T. K) = EI0F (o7, K)] (10)
where OGV (7, K) is the free boundary CEV option price (9) and
the stochastic time t7 = fOT vt2 dt is the cumulative variance for
the geometric Brownian motion v; (2). The dependence on t in both
integrand terms of (9) is of the form exp(—A/7). Thus, averaging
over stochastic time, £ [O%EV (tr, K)], requires calculating the mean
value Efexp(—A/t7)].

The moment-generating function of the inverse stochastic time was
derived in Antonov et al (2014):

(-]

s = sinh ™! (\/ﬁy>

Vo

_ G(Ty%s)
" coshs

where:

The function G(t, s):

e—t/S oo 221
G(t,s) =2—— duue™™ ~/coshu — cosh s
( ) t/mt Js

was introduced in Antonov, Konikov & Spector (2013); it is closely
related to the McKean heat kernel on the hyperbolic plane H2. It
is important to notice that although the function G(¢,s) is a one-
dimensional integral, it can be very efficiently approximated by a
closed formula (see Antonov, Konikov & Spector 2013).

Thus, the exact option price for the zero-correlation case can be
presented as:

1
VIKFol{lk=0A1 + sin(|v|m) A2}

OSABRT,K:*
PR K) = 1
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with integrals:

_ [T 4y Sindsin(vig) G(Ty?,5(9))
Ay = / d¢ b —cos¢ cosh s(¢) (an
Y sinh ¥ (1x =0 cosh(|v|¥) + 1x <o sinh(|v|y¥))
Az = / dy b + cosh yr
2
Grsw)
coshs(y)

Here, s has the following parametrisation with respect to ¢ and ¥:

sinh s(¢p) = yval V24(b — cos ¢)
sinhs(¥) = yvy ' v/2q(b + cosh )

where ¢ and b are the same as in the CEV free boundary option.
B General correlation case.
(2013), we approximate the general correlation option price by using
the zero-correlation one, dF; = |1~:|fﬁ, dWi, and dd; = YUy AWy,
with E[dW;, dWa;] = 0, ie:

As in Antonov, Konikov & Spector

E[(Fi — K)*] ~ E[(F, - K)*]

For the free boundary, we reuse the same effective coefficients of
the zero-correlation SABR as in Antonov, Konikov & Spector (2013)
for the absorbing boundary. The power and volatility-of-volatility are

strike independent:

B=p and 72 =1y2—3{20> +voyp(1 - HFE™Y

while the initial stochastic volatility is more complicated and strike
dependent. Its 0 can be calculated as an expansion:

~(0)

vo = Uy + Tv(l) .- (13)

The leading volatility term can be expressed as:

5O _ 298qy for @ — (Vmin Tt PYO + y8q\""” (14)
0 @2 — 1 (1+ p)vo
where:
v2, = 2847 + 2ypSquo + v3
O FyP
4=—7-5
)1 _ 1B
§G=— 0
1-8

The effective strike k is a floored initial strike; all of the effective
parameters in the heat kernel expansion work only for positive strikes.
In our experiments we used k = max(K, 0.1 Fp).* The initial value of
the rate Fo is considered to be positive (see the remark in the intro-
duction about negative Fp).

“To avoid potential problems related to non-smooth behaviour around
Fo = 10K, we suggest max(K,0.1F) ~ 0.1F + %(K —0.1F +

(K —0.1F)2 + €2), where € is a small parameter of around 1bp.
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The first-order correction is more complicated (see also Henry-
Labordere (2008) and Paulot (2009)), and is given by:

~(1)

L In(vov 5 O5 - Sqv
(0) _ )/ 1+ R2 2 (vo mm/ 0 Umin) — Bumin for R = f(]o);
RIn(v/14 R2 + R) Uy

where:

Bmin = 72842 + (0)?

and B, is the so-called parallel transport, defined as:

g. LB
21-8/1-p2
( ( 561y+vop) )
X | w —arccos | — —— | —arccosp — 1
Umin
and:
2 ( tan tan ) for L<1
————| arcta 7—arc or
_ Vi-1? V1-L2 \/7
B 1 uo(L+~L2—1)+1
In for L >1
VL2—1  ug(L—vL2-1)+1
(15)
where:
vmin(l - IB) SQVP + V0 — Umin
=———~ and up=———-—
k1=By /1 - p? Sqy/1—p?

Being a real process, the free SABR model is naturally arbitrage-
free. On the other hand, its approximation described above, strictly
speaking, is not (except in the case of the zero correlation when it
becomes exact). However, given high approximation accuracy, we can
call the resulting analytical formula quasi-arbitrage-free.

B Limiting cases and asymptotics. Below, we briefly address the
behaviour of the free SABR call option C$BR(T, K) for sensitive
limiting cases.

Like the CEV model, the free SABR call price is a smooth function
of the strike and the forward. That is, one can show that:

G = Ci+Co K+ CoKPOT)

@%ABR o= Cl/ + CZ/FO + C§|F0|2(1_ﬁ) + ...
0—0

where constants C; and Cl.’ depend on the model parameters. This

means the call option ‘delta’ is a smooth function of F with the fol-

lowing behaviour around zero:

ICHBR/Fy = Ch+ C52(1 — B) sign(Fo)|Fo|' ™28 + .-
Fo—0

The option ‘gamma’ is smooth everywhere except zero. This weak

(integrable) divergence around zero, SZG%ABR / 8F02 | Fo| 725,

reflects the rate ‘stickiness’. On the other hand, a standard way of

calculating Greeks based on finite differences with a spacing of 1-5bp

produces a moderately finite ‘gamma’ spike at zero.

We have mentioned that the CEV model for the zero spot case has a
symmetric density function and, as a consequence, it has zero implied
volatility skew at zero strike. However, for the SABR model itself,
the asymmetry is introduced by the correlation with the stochastic
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volatility. This means that for small or zero spots, the model can control
the normal implied volatility skew around zero strikes by means of the
correlation.

The case B = 0 is clearly regular. In the more interesting case of
B > %, the reflecting and absorbing solutions merge, and only the
latter exists at § > % Thus, by construction (7), the free solution
coincides with the absorbing one for > %

Numerical experiments

B Calibration to real data. We start with a real data example of a
1Y15Y Swiss franc swaption from February 10, 2015, with a forward
of Fp = 0.56%. The swaption prices are quoted in terms of normal
implied volatility (bp). We calibrate the free boundary and the shifted
SABR with respect to this data using our analytical approximations.
The output is presented in table A and figure 4: the calibration errors
are tiny for both models.

Calibrated o« = vg, p, y and B are given in table B (the value of the
shift is 2%).

Note the extremely high values of the correlation p and the fairly
high values of volatility-of-volatility y. The reason for such a high
correlation is a very steep skew, currently prevailing in the Swiss franc
market.

A. Target and calibrated normal implied volatilities (bps) C. Monte Carlo (‘Exact’) and analytical (‘Analyt’) normal implied
Strike, K Free volatilities (bps)
(%) Target boundary Shifted Strike, K (%) Analyt Exact Difference
0.06 23.5 23.5 24.6 0.06 24 24 —07
0.31 447 445 43.3 0.31 44 45 —0.7
0.56 59.3 59.2 58.7 0.56 59 60 —0.8
0.81 71.7 71.7 71.8 0.81 72 73 —08
1.06 83.0 83.1 82.9 1.06 83 84 —0.9
1.56 103.5 103.8 103.6 1.56 104 105 —1.0
2.56 140.4 140.2 140.7 256 140 142 —13
4 Target and calibrated normal implied volatilities D. Setups for the free boundary SABR model
Value for Value for
Parameter Symbol Input | Input I
A — Rate initial value Fo 50bp 1%
140| — Free boundary SV initial value vo 06F; ” 0.3F; #
120 Shifted Vol-of-vol y 0.3 0.3
= Correlations p —0.3 —-0.3
£ 100 Skews B 0.25 0.25
2 g0 Maturities T 3y 10Y
©
€ )
‘26 60 /
40 ) Now we will study the accuracy of the analytical approximation for
20 -~ the free SABR model. First, let us briefly address the Monte Carlo
0 simulation scheme (see Antonov, Konikov & Spector (2015) for more
0.06 031 056 081 1.06 156 256 details). Suppose we have simulated the stochastic volatility for all
Strike (%) time steps and paths v, (this is trivial for the lognormal process). Our
goal is to simulate F; A, given this information.
B. Calibrated parameters The first thing to try is an Euler scheme without any boundary con-
Free Shifted ditions Fy4ar = Fr + | F; |th AWj;. One can check that the Euler
LB Sl 2oLl scheme has an extremely slow convergence in both paths and time
o 0.051 0.011 .
B 0417 0.167 steps. Thus, we should come up with a more careful scheme based
0 0.990 0.999 on numerical inversion of the CDE. Such an expression can be found
y 0.658 1.080 in Antonov, Konikov & Spector (2015). However, such a procedure

is very slow and we use a regime-switching scheme similar to that
in Andersen (2008) in order to accelerate the simulations. For out-of-
boundary values, use the moment matching to approximate F; 4 A via
the quadratic Gaussian step, and for near-boundary values numerically
invert the CDF.

In table C we compare the Monte Carlo simulations (‘Exact’)
described above and our analytical formula based on the map to the
zero-correlation SABR model (‘Analyt’) for the calibrated parameters
(see table B). We observe excellent agreement between the simulations
and our formula.

Note that both models can also successfully fit the same smile with
zero forward value; ie, having 23.5bp normal volatility for —50bp of
strike, 44.7bp of volatility for —25bp of strike, 59.3bp of volatility for
0 at-the-money (ATM) strike (forward), etc.

B Approximation accuracy analysis. We provide approximation
accuracy analysis for two more inputs (somehow more ‘classical’; eg,
with a negative correlation).

The implied volatility results are presented in table E and plotted in
figure 5.

We observe an excellent approximation quality for 3Y, as well as
for strikes K > %Fo for 10Y. There is a slight degeneration for other
strikes for 10Y. We can see that the normal implied volatility possesses
significant smiles with the bottom between zero and the ATM strike. In
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E. Monte Carlo (‘Exact’) and analytical (‘Analyt’) normal implied
volatilities (bps)
Strike, K Input | Input I
(%) Analyt | Exact Diff Analyt | Exact Diff
—0.95 30.87 30.93 | —0.06 40.05 40.86 | —0.81
—0.8 29.83 29.95 | —0.12 38.43 39.24 | —0.81
—0.65 28.80 28.97 | —0.17 36.80 37.60 | —0.80
—-0.5 27.79 27.99 | —0.20 35.18 35.97 | —0.78
—0.35 26.83 27.04 | —0.21 33.59 3433 | —0.74
—-0.2 25.95 26.15 | —0.20 32.05 32.73 | —0.68
—0.05 25.30 2546 | —0.16 30.67 31.25 | —0.58
0.1 25.77 25.85 | —0.08 30.20 30.63 | —0.43
0.25 26.63 26.69 | —0.06 30.19 30.51 —0.31
0.4 27.33 27.39 | —0.06 30.14 30.41 —-0.27
0.55 27.90 27.97 | —0.06 30.06 30.31 —0.25
0.7 28.38 28.45 | —0.07 30.00 30.22 | —0.23
0.85 28.80 28.87 | —0.07 29.98 30.18 | —0.20
1 29.18 29.25 —0.07 30.05 30.22 —0.17
1.15 29.53 29.60 | —0.07 30.24 30.36 | —0.12
1.3 29.87 29.94 | —0.07 30.56 30.63 | —0.07
1.45 30.22 30.29 | —0.06 31.03 31.04 | —0.01
1.6 30.58 30.63 | —0.06 31.63 31.58 0.04
1.75 30.95 30.99 | —0.05 32.35 32.26 0.09
1.9 31.33 31.37 | —0.04 33.17 33.04 0.13

The bold line (K = 1) represents the ATM strike

general, increasing the volatility-of-volatility and the maturity moves
the vertex of the smile to the ATM strike.

Conclusion

‘We have presented a natural generalisation of the SABR model to neg-
ative rates — which is very important in our current low interest rate
environment — and we have described its properties. We derived an
exact formula for the option price in the zero-correlation case and an
efficient approximation for general correlation written in terms of a
one-dimensional integral of elementary functions. The simplicity of
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